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Given a smooth compact Riemanniari manifold Af and a Hamiltonian H on 
the cotangent space T*M, strictly convex and superlinear in the momentum 
variables, we prove uniqueness of certain "ergodic" invariant Lagrangian graphs 
within a given homology or cohomology class. In particular, in the context of 
quasi-integrable Hamiltonian systems, our result implies global uniqueness of La- 
grangian KAM tori with rotation vector p. This result extends generically to the 



1 Introduction 

A particularly interesting and fruitful approach to the study of local and global properties of 
dynamical systems is concerned with the study of invariant submanifolds, rather than single 
orbits, paying particular attention to their existence, their "fate" and their geometric prop- 
erties. In the context of quasi-integrable Hamiltonian systems, one of the most celebrated 
breakthroughs in this kind of approach was KAM theory, which provided a method to con- 
struct invariant submanifolds diffeomorphic to tori, on which the dynamics is conjugated to a 
quasi-periodic motion with rotation vector p, sometimes referred to as KAM tori. KAM the- 
ory finally settled the old question about existence of such invariant submanifolds in "generic" 
quasi-integrable Hamiltonian systems, dating back at least to Poincare, and opened the way to 
a new understanding of the nature of Hamiltonian systems, of their stability and of the onset 
of chaos in classical mechanics. However, the natural question about the uniqueness of these 
invariant submanifolds for a fixed rotation vector p remained open for many more years and, 
quite surprisingly, even nowadays, for many respects it is still unanswered. A possible reason 
for this is that the analytic methods, which the KAM algorithm is based on, are not well suited 
for studying global questions, while, on the other hand, the natural variational methods to 
approach this problem have been developed only much more recently and they are still not so 
widely well-known. 

In this paper we address the above problem and prove global uniqueness of certain "ergodic" 
invariant Lagrangian graphs within a given homology or cohomology class, for a large class of 
convex Hamiltonians, known as Tonelli Hamiltonians. Our work will be based on the variational 
approach provided by the so-called Aubry-Mather theory, as well as its functional side called 
weak KAM theory. 

The paper is organized as follows. In Section [2] we define the geometric objects we shall 
look at (the invariant Lagrangian graphs), we introduce some concepts (homology class of an 
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invariant measure and Schwartzman ergodicity) , which will turn out to be useful for illustrating 
their dynamical properties, and we state our main uniqueness results. In Section [3] we review 
the main definitions and results of Aubry-Mather and weak KAM theories, to the extent of 
what we need for our proofs. In Section 3] we prove our main results. In Section [5] we discuss 
in detail the implications of our results for KAM theory and compare them with some previous 
local uniqueness theorems for KAM tori. In Appendix [X] we discuss some details concerning 
the definition of Schwartzman ergodicity, give some examples and describe some properties of 
Schwartzman ergodic flows. In Appendices [B] and O we prove some properties of Lagrangian 
graphs and the Mane set. 

Acknowledgements. We would like to thank Giovanni Gallavotti for having drawn our 
attention to this problem and for useful discussions. AF and AS are grateful to John Mather 
for many fruitful conversations. 



2 Setting and Main results 

Let M be a compact and connected smooth manifold without boundary of dimension n. Denote 
by TM its tangent bundle and T*M the cotangent one. A point of TM will be denoted by (x, u), 
where a; e M and v G T^jM, and a point of T*M by (a;,p), where p G T*M is a linear form on 
the vector space T^jAf . Let us fix a Riemannian metric g on M and let || • jj^: be the norm induced 
by g on T^jAf; we shall use the same notation for the norm induced on the cotangent space 
T*M. This cotangent space T*M can be canonically endowed with a symplectic structure, 
given by the exact 2-form u = dx A dp — —d(pdx), where (JJ^ x) is a local coordinate chart 
for M and {T*U, x,p) the associated cotangent coordinates. The 1-form A = pdx is also called 
tautological form (or Liouville form) and is intrisically defined, i.e., independently of the choice 
of local coordinates (see Appendix [B]) . A distinguished role in the study of the geometry of a 
symplectic space is played by the so-called Lagrangian suhmanifolds. 

Definition 2.1. Let A be an n-dimensional submanifold of (T*M, w). We say that A is 
Lagrangian if for any {x,p) £ A, T(^ p)A is a Lagrangian subspace, i.e., uj\r^ a ^ 

We shall mainly be concerned with Lagrangian graphs, that is Lagrangian manifolds A C 
T*M such that A = {{x,ri{x)) , x G M}. It is straightforward to check that the graph A is 
Lagrangian if and only if 77 is a closed 1-form (see Appendix [B|). The element c=[rf\ € H^(M; R) 
is called the cohomology class, or Liouville class, of A. This motivates the following extension 
of the notion of Lagrangian graph to the continuous case. 

Definition 2.2. A continuous section A of T*M is a C^-Lagrangian graph if it locally coincides 
with the graph of an exact differential. 

We will consider the dynamics on T*M generated by a Tonelli Hamiltonian. 

Definition 2.3. A function H : T*A/ — > M is called a Tonelli (or optical) Hamiltonian if: 

i) the Hamiltonian H is of class C'', with k > 2; 
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ii) the Hamiltonian H is strictly convex in the fiber in the sense, i.e., the second partial 
vertical derivative d^H /dp^{x,p) is positive definite, as a quadratic form, for any {x,p) G 
T*M; 

iii) the Hamiltonian H is superlinear in each fiber, i.e., 

lim —-— — = +00 

||p|U^+oo IIpII^ 

(by the compactness of Af , this condition is independent of the choice of the Riemannian 
metric) . 

Given H, we can define the associated Lagrangian, as a function on the tangent bundle: 

L : TM — > R 

{x,v) I — > sup {{p, v)x - H{x,p)} 

where ( •, ■)x represents the canonical pairing between the tangent and cotangent space. 

If iJ is a Tonelli Hamiltonian, one can easily prove that L is finite everywhere, of class C*^, 
superlinear and strictly convex in the fiber in the sense {i.e., L is a Tonelli Lagrangian) and 
the associated Euler-Lagrange flow <i>f of L is conjugated to the Hamiltonian flow of H via 
the Legendre transform: 

C : TM — > T*M (1) 
{x,v) I — y (^x,^{x,v)^. (2) 

From now on we shall fix H and denote by L its conjugated Lagrangian and, when referring to 
an "invariant" measure or set, we will understand "invariant with respect to the Hamilton flow 
generated by i/" or "with respect to the Euler-Lagrange flow generated by L" . 

Given an invariant probability measure /i on TM one can associate to it an element p{fi) 
of the homology group Hi(A/;R), known as rotation vector or Schwartzman asymptotic cycle, 
which generalizes the notion of rotation vector given by Poincare and describes how, asymp- 
totically, a /x-average orbit winds around TM. See Section [3] and Appendix [A] for a precise 
definition. This allows us to define the homology class of certain invariant Lagrangian graphs. 

Definition 2.4. A Lagrangian graph A is called Schwartzman uniquely ergodic if all invariant 
measures supported on A have the same rotation vector p, which will be called homology class of 
A. Moreover, if there exists an invariant measure with full support, A will be called Schwarztman 
strictly ergodic. 

We are now ready to state our main results. 

Main Result. For any given p G Hi(Af;M), there exists at most one Schwarzman strictly 
ergodic invariant Lagrangian graph with homology class p [Theorem 14. 4[ Section |3] 

For sake of completeness, we also recall the following well-known result, which is a corollary 
of the results in [21] (see also Section [4] for a proof). 
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Well-known Result. For any given c G H^(M;M), there exists at most one invariant La- 
grangian graph A with cohomology class c, carrying an invariant measure whose support is the 
whole of A. [Theorem 14. 2 [ Section H] 

If M — T", it is natural to ask for the imphcations of our result for KAM theory. In 
this case, the homology group Hi(T";IR) is canonically identified with R", and the invariant 
manifolds of interest are the so-called KAM tori, defined as follows. 

Definition 2.5. T C T" x M" is a (maximal) KAM torus with rotation vector p if: 

i) T C T" X M" is a continuous graph over T"; 

ii) T is invariant under the Hamiltonian flow $^ generated by H; 

iii) the Hamiltonian flow on T is conjugated to a uniform rotation on T"; i.e., there exists a 
diffeomorphism : T" ^ T such that (p~^ o $^ o ip = i?* , \/t G K, where Rp : x ^ x + pt. 

The celebrated KAM Theorem, whose statement will be recalled in Section[5l gives sufficient 
conditions on H and on the rotation vector p, allowing one to construct a KAM torus with 
rotation vector p and prescribed regularity (depending on the regularity class of H). Its proof 
is constructive and the invariant torus one manages to construct is locally unique (in a sense 
that will be clarified in Section O. In spite of the long history and the huge literature dedicated 
to the KAM theorem, the issue of global uniqueness of such tori is still object of some debate 
and study, see for instance [5]. Our main result settles such question in the case of Tonelli 
Hamiltonians. 

Corollary 2.6 (Global uniqueness of KAM tori). Every Tonelli Hamiltonian H on T*T"' 
possesses at most one Lagrangian KAM torus for any given rotation vector p. In particular, 
if H and p satisfy the assumptions of the KAM Theorem, then there exists one and only one 
KAM torus with rotation vector p. 

The property of being Lagrangian plays a crucial role. As was observed by Herman [18j (see 
also Appendix iBjl . when p is rationally independent, i.e., {p, v) 7^ 0, Vi^ G Z" \ {0}, as assumed 
in the KAM theorem, every KAM torus with frequency p is automatically Lagrangian. On 
the other hand, the existence of Lagrangian KAM tori with rationally dependent frequency is 
not typical. In some cases, a variant of the classical KAM algorithm allows one to construct 
resonant invariant tori with a given rational rotation vector p, also known as low dimensional 
tori [151 m]. However, typically they do not foliate any Lagrangian submanifold. Therefore, 
the question of uniqueness of resonant tori is more subtle and, to our knowledge, apart from a 
few partial results [8], it is still open. 

Note that the fact that the orbits on a KAM torus are action-minimizing is a key remark 
used in the proof of the Corollary. We deduce this property from the fact that such a Lagrangian 
torus gives a solution to the Hamilton-Jacobi equation. It can be also deduced from a classical 
result by Weierstrass, as already pointed out by Jiirgen Moser. We thank John Mather for 
having drawn our attention to the remark in [5S]. [In fact, Weierstrass method or the use of 
the Hamilton-Jacobi Equation are essentially two sides of the same coin] . 

In Section[5]we will extend Corollarv l2.6l to generic invariant tori contained in the C°-closure 
of the set of KAM tori. As remarked by Herman J^, generically this set is much larger than 
the set of KAM tori, and typically the flow on such invariant manifolds is not conjugated to a 
rotation. See Section [5] for a more detailed discussion of these issues. 
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3 An introduction to Aubry-Mather theory 



This section is meant to provide a brief (but comprehensive) introduction to Mather's theory 
for Lagrangian systems and weak KAM theory. We shall recall most of the results that we are 
going to use, trying to give general ideas rather than rigourous proofs (for which we refer the 
reader to [Hll^V 

The setting is the same introduced in Section[21 Let M be a compact and connected smooth 
manifold without boundary of dimension n. We denote by 77 a fixed Tonelli Hamiltonian and 
L the associated Tonelli Lagrangian. Before entering into the details of Mather's theory, let us 
make a crucial remark. Observe that if 77 is a 1-form on M, we can easily define a function on 
the tangent space (linear on each fiber) 

f] : TM — > M 

{x,v) I — > {f]{x),v)^ 

and consider a new Tonelli Lagrangian := L — fj. The associated Hamiltonian will be 
Hri{x,p) = H(x,ri(x) +p). Moreover, if 77 is closed, then J Ldt and J L^idt will have the same 
extremals and therefore the Euler-Lagrange flows on TM associated to L and L,^ will be the 
same. This last point may be seen by observing that the variational equations S J L dt — and 
d J{L — ri)dt — for the fixed end-point problem clearly have the same solutions, since rj is 
closed. Although the extremals are the same, this is not generally true for the orbits 

"minimizing the action" (we shall give a precise definition of "minimizers" later in this sec- 
tion) . What one can say is that they stay the same when we change the Lagrangian by an exact 
1-form. Thus, for a fixed L, the minimizers will depend only on the de Rham cohomology class 
c = [77] G H^(M;IR). Considering modified Lagrangians corresponding to different cohomology 
classes represents a keystone of Mather's theory of Lagrangians systems. 

In order to generalize to more degrees of freedom Aubry and Mather's variational approach 
to twist maps, a first important notion is that of minimal measures, which replaces that of 
action minimizing orbits: Aubry-Mather theory in higher dimension cannot deal with such 
orbits, due to a lack of them; there is, in fact, a classical example due to Hedlund (see [TT] ) 
of a Riemannian metric on a three-dimensional torus, for which minimal geodesies exist only 
in three directions. Instead, Mather proposed to look at the closely related notion of action 
minimizing invariant probability measures. Let ^^(L) be the space of probability measures on 
TM invariant under the Euler-Lagrange flow of L. To every /x G S!Jl(L), we may associate its 
average action 

Al{h) = Ldfi. 

Since L is bounded below (because of the superlinear growth condition), this integral exists 
although it might be -l-oo. In [5S], Mather showed the existence of /i G 9Jl(L) such that 
A]^{fi) < +00. The argument is mainly the same as Krylov-Bogoliubov's theorem concerning 
existence of invariant measures for flows on compact spaces. This argument is applied to a one- 
point compactification of TM, and the main step consists in showing that the measure provided 
by this construction has no atomic part supported at 00 (which is a fixed point for the extended 
system). Note that Mather's approach works for periodic time-dependent Lagrangians. For 
time independent Lagrangians, finding such a /i is much easier. By conservation of energy, the 
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levels of the energy function are compact and invariant under the Euler-Lagrange flow , and 
therefore carry such measures. In case ^^(/i) < oo, thanks to the super linearity of L, for any 
closed 1-form rj on M, the integral Jrj,j^ fidfj, is well defined and finite, see [5S]. Moreover, it is 
quite easy to show (again see [5S]) that since fj, is invariant by the Euler-Lagrangian flow $f , 
if ?/ = df is an exact form, then J dfd^ = 0. Therefore, we can define a linear functional 

H1(M;M) — > R 

CI — > fjdfi, 
Jtm 

where 77 is any closed 1-form on Af , whose cohomology class is c. By duality, there exists 
p{p) e Hi (M ; M) such that 



/ fidn ^ {c, p{fi)) VcgH1(M;M) 
Jtm 



(the bracket on the right-hand side denotes the canonical pairing between cohomology and 
homology). We call p{fj,) the rotation vector of p,. It is the same as the Schwartzman's 
asymptotic cycle of fi (see Appendix \X\ and 31j). One can show that the action functional 
Al : dyt{L) — > MU{+oo} is lower semicontinuous and that for every h e Hi(M;R) there exists 
p £ 3Jl(L) with p{fj,) = h. In other words the map p : VJl{L) — > IIi(Af;R) is surjective. 

Following Mather, let us consider the minimal value of the average action over the 
probability measures with rotation vector h: 

/3:Hi(M;R) — > R 

h I — > min Al(u). (3) 

In fact, the minimum above is actually achieved (see [25]). This function /3 is what is generally 
known as Mather's P -function. A measure p £ 9Jt(i) realizing such a minimum, i.e., Al{p) = 
(3{p{p)), is called a minimal (or a Mather) measure. The /3-function is convex, and therefore 
one can consider its conjugate function (given by Fenchel's duality) a : II^(Af ; R) — > R defined 

by 

a(c) := , max ((c,/i)-/3(/i)) = 

= - min (p(h) - {c,h)) ^ 

/ieHi(Af;R) 

" min (ylL(Ai)-(c,p(Ai))) = 
= - min Al-c{p)- 



Note that for a given p invariant under the Euler-Lagrange fiow <I>f, we have {c, p{p)) = 
Jj,j^.j fj dp, for any closed 1-form rj on M in the cohomology class c. Therefore, we have 
A^^dp) = Itm(^ ~ ^) ^t''^ ^ ^ closed 1-form on M such that [77] = c. 

It is important to notice that the value of this a-function coincides with what is called 
Mane's critical value, which will be introduced later in this section. 
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An important fact is the next Lemma. To state it. recall that, like any convex function 
on a finite-dimensional space, the Mather function /3 admits a subderivative at any point h G 
Hi(M;R), i.e., we can find c e B^{M;R) such that 

V/i' e Hi(M;IR), f3{h')-(3{h) > {c,h' ~h). 

As it is usually done, we will denote by dp{h) the set of c G H^(M;M) which are subderivatives 
of /3 at h, i.e., the set of c which satisfy the inequality above. By Fenchel's duality, we have 

c e df3ih) (c, h) = a(c) + 

Lemma 3.1. If n £ 9Jt(L), i/ie« Al(a*) = /?(p(a*)) if and only if there exists c € H^(M;R) smc/i 
f/iaf /U minimizes Al-c (i.e., Al-c{i^) = —(x{c)). Moreover, if i-i € ^}Jl{L) satisfies Al{h) = 
P{p{fi)), and c G H^(M;R), then fi minimizes Al-c if and only if c & df3{p{fi)) {or {c,h) = 

a(c)+/3(/5(/i)). 

Proof. We will prove both statement at the same time. Assume Al{po) = /3(p(mo))- Let 
c e 9/3(p(/xo)), by Fenchel's duality this is equivalent to 

a{c) = (c,p(/xo)} - /3(p(Aio)) 
= (c,p(/xo)> -^l(mo) 
= -^l-c(Mo)- 

Therefore by what was obtained above AL-df^o) = min^gOT ^l-c(a*)- 

Assume conversely that Al-c{p-o) = min^gsH ^i-c(M), for some given cohomology class c. 
Therefore by what was obtained above 

a(c) = -Al-c{po), 

which can be written as 

(c, p(a*o)) ^ a(c) + Al(^o)- 

It now suffices to use the Fenchel inequality (c, p(/zo)) < a(c) + /3(p(/Uo), and the inequality 
/3(p(Mo) < ^1,(^0)5 given by the definition of /3, to obtain the equalities 

(c, p(Aio)) = a(c) + >1l(a<o)- 

In particular, we have Al{po) = /3(p(/io))- D 

If € 9Jl(L) and /U minimizes Ai_c, we shall say that /z is a c-action minimizing measure. 
For such ^, c is a subderivative of (3 at p{^J-), i.e., the slope of a supporting hypcrplane of the 
epigraph of /3 at 

The above discussion leads to two equivalent formulations for the minimality of a measure fx: 

• there exists a homology class h £ Hi(M;R), namely its rotation vector p{p.), such that 
fi minimizes Al amongst all measures in DJl{L), with rotation vector h; i.e., Al{ij,) = 

• there exists a cohomology class c G H^(M;M), namely any subderivative of /3 at 
such that p. minimizes Al-c amongst all measures in 9Jl{L); i.e., Al-c{p) = — a(c). 
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For h e Hi(M;M) and c e Hi(M;R), let us define 

m'' := {n e m{L) : Al{h) < +00, p{n) = h and AL{^l) = 0{h)} 
Mc {^i e M(L) : AL(Ai) < +00 and AL-c(Ai) = -a(c)}. 

Observe that because of the superhnear growth condition in the fiber, Al{p) < +00 imphes 
AL_c{^i) < +00. 
We have 

/ieHi(A/;R) ceHi(M;R) 

This leads to the definition of a first important family of invariant sets: Mather sets. For a 
cohomology class c G H^(M;R), we call Mather set of cohomology class c the set: 

Mc ■■= [j supp^ C TM; (4) 

the projection on the base manifold A4c = tt (-^c^ C M is called projected Mather set (with 
cohomology class c). In [25] , Mather proved the celebrated graph theorem: 

Theorem 3.2. Let Mc be defined as in Q). The set A4c is compact, invariant under the 
Euler- Lagrange flow and it\Mc is an injective mapping of Aic into M, and its inverse tt^^ : 
Mc — <■ Mc is Lipschitz. Moreover this set is contained in the energy level corrisponding to 
the value a{c), i.e., 

H o C{x,v) = a{c) y{x,v)eMc. (5) 

Remark 3.3. The last statement, corresponding to ([5]), is due to Dias-Carneiro [7]. 

Analogously, one can consider the Mather set corresponding to a rotation vector h G ili{M ; R) 

as 

M"" := y suppAi C TM, (6) 

and the projected one M'^ — tt (^M'^^ C M. 

Notice that by Lemma [3. 11 if c G dj3{h), we have 

M^ C Mc- 

Therefore, although this was not shown in [5S], the set M*^ also has a Lipschitz graph over the 
basis. 

Theorem 3.4. Let M^ be defined as in M^ is compact, invariant under the Euler- 

Lagrange flow and 'k\M^ is an injective mapping of M^ into M and its inverse tt^^ : M^'' — > 
M^ is Lipschitz. 
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Remark 3.5. Though the graph property for Ai^ is not proved in [2S], it was shown there that 
the support of an /i-minimizing measure has the graph property. The graph property for Ai^ 
can be easily deduced from this last property. In fact, since the space of probability measures 
on TAf is a separable metric space, one can take a countable dense set {fJ.n}^=i of Mather's 
measures with rotation vector h and consider the new measure p, = J2^=i 4^l^n- This is still 
an invariant probability measure with rotation vector h and supp/x = M.h- Therefore, as the 
support of a single /i-minimizing measure, M.^ has the graph property. 

Moreover, this remark points out that there always exist Mather's measures /i'* and fic of 
full support, i.e., supp/i'* = and supp/Zc = A^c- 

We will say that an /i-minimizing (resp. c-minimizing) measure has maximal support if 
supp/i = A^'' (resp. supp/i — M.c)- 

In addition to the Mather sets, one can construct other compact invariant sets, that play an 
interesting role both from a dynamical system and a geometric point of view: the Auhry sets 
and the Mane sets. Instead of considering action minimizing invariant probability measures, 
we now shift our attention to c-minimizing curves. 

Let us fix a closed 1-form on M, with cohomology class c. As done by Mather in PSI, it 
is convenient to introduce, for t > and x, j/ G M, the following quantity: 

hrj.t{x,y)=M Lrj{"f{s),j{s))ds , 
Jo 

where the infimum is taken over all piecewise paths 7 : [0, t] — > M, such that 7(0) = x and 
7(<) = y. We define the Peierls' barrier as: 

hJx,y) = liminf(/i„.t(a;, y) + a{c)t) . 

t — >4-C30 

It can be shown that this function is Lipschitz and that, only in the autonomous case, this 
liminf can be replaced with a lim (see [T^). Observe that ft,^ does not depend only on the 
cohomology class c, but also on the choice of the representant; namely, if 77' = rj + df, then 
h,r{x,y) = h,,{x,y) + f{y) - f{x). 

Proposition 3.6. The values of the map h^i are finite. Moreover, the following properties hold: 

i) h,i is Lipschitz; 

ii) for each x G M , hri{x, x) > 0; 

iii) for each x, y, z ^ M, h,j{x,y) < h^{x,z) + h,j{z,y); 

iv) for each x, y £ M , y) + ft.r)(?/, x) > 0. 

For a proof of the above claims and more, see PSIIT^ITU] . Inspired by these properties, one 
can consider its symmetrization: 

Sc-. M X M — > K 

{x,y) I — > hrj(x,y) + hrj{y,x) 
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(observe that this function does depend only on the cohomology class). This function is positive, 
symmetric and satisfies the triangle inequality; therefore, it is a pseudomctric on 



Ac^ {xeM : Sc{x,x) ^ 0}. 

Ac is called the projected Aubry set associated to L and c, and dc is Mather's pseudometric. In 
[26], Mather has showed that this is a non-empty compact subset of M, that can be Lipschitzly 
lifted to a compact invariant subset of TM. 

Remark 3.7. One can easily construct a metric space out of it. We call quotient Aubry set, or 
Mather quotient, the metric space {Ac, Sc) obtained by identifying two points in Ac, if their Sc- 
pseudodistance is zero. We shall denote an element of this quotient hy x = {y G Ac ■ Sc{x, y) — 
0}. These elements (that are also called c-static classes, see [TU]) provide a partition of Ac into 
compact subsets, that can be lifted to invariant subsets of TM. 

We say that an absolutely continuous curve 7 : M — > M is a c-minimizer, if for any interval 
[a,b] and any other absolutely continuous curve 71 : [a,b] — > M such that 7(a) — 71(a) and 
7(6) = 71(6), we have 

b i-b 

L^{l{t),i{t))dt< / Lr,{-ii{t),^i{t))dt. 

J a 

In other words, 7 : M — > M is a c-minimizer, if for any a < b 

rb 

L,Mt),i{t))dt = /i^,fc_a(7(«),7W) ■ 

This curves are also called semi-static curves. A peculiar property of these curves is that their 
a-limit set is contained in a static class and their w-limit set too (possibly in a different one). 
See [261 Ha [10] for more details. 

We define the Mane set (with cohomology class c) as: 

A/'c = [J {(7(i), 7(0) : 7 is a c-minimizer and t G R} . (7) 

In particular, amongst these minimizcrs, one can consider particular ones that satisfy some 
extra conditions on the a and w-limit sets. Namely, let 7 : K — > M be a c-minimizer and a, a' 
be in the a-limit set of 7 and let uj,uj' be in the w-limit set of 7. From the discussion in [26] . 
it follows that 5c{Q.,a') = 5c(uj,uj') = and 5c(a,ijj) = (5c(a',w'). We say that 7 is a c-regular 
minimizer if a further condition is satisfied: (5c(a,w) = 0. An equivalent condition is: 7 is 
semi-static and for any interval a < 5, we have that hy^ i,_a{'~i(a) ,^(b)) = — /i^ f,-a(7(^)i 7(a)) • 
These curves are also called static curves. Observe that the above condition can be interpreted 
saying that the a and w-limit sets of 7 are both contained in the same c-static class. 

We define the Aubry set (with cohomology class c) as: 

= [J : 7 is a c-regular minimizer and t e R} . (8) 

Similarly to the Mather set, the Aubry set is also a graph over the basis, see [^ [T^ . 
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Theorem 3.8. Let Ac be defined as in (0). By definition Ac ^ J^c- Both Ac and Mc are 
compact subsets ofTM invariant under the Euler-Lagrange flow $f . Moreover, 7r(^c) = Ac 
and 'k\Ac is a bi-Lipschitz homeomorphism. 

Note that the graph property does not hold for the Mane set. Moreover, there is a clear 
relation between the support of Mather's measures and these sets. 

Theorem 3.9. For any c G Hi(Af;]R), Mc C Ac- Moreover: 

eTlc fi £ Tl{L) and supp^ C Ac M £ M{L) and supp/i C Afc ■ (9) 

The fact that an invariant measure whose support is contained in Afc (or Ac) is c-minimizing 
might be seen, for example, as a consequence of the finiteness of the Peierls' barrier. The proof of 
the first equivalence in © goes back to Mane [52] . As far as the second equivalence is concerned, 
it follows from the fact that the non-wandering set of <i>f \j\fc is contained in Ac, see Appendix [Cl 

We can summarize what discussed so far in the following diagram: 

Mc ^ Ac ^ JVc ^ £c ^ TM 



Mc c c CM 

where £c is the energy level corresponding to a(c). 

Another interesting approach to the study of these invariant sets is provided by weak KAM 
theory. This is mainly based on the concept of "critical" subsolutions and "weak" solutions of 
Hamilton- Jacobi equation and can be interpreted, from a symplectic geometric point of view, 
as the study of particular Lagrangian graphs and their non- removable intersections (see [28]). 
This latter approach is particularly interesting, since it relates the dynamics of the system to 
the geometry of the space and might potentially open the way to a "symplectic" definition of 
Aubry-Mather theory. 

Definition 3.10. A locally Lipschitz function u : M — > K is a subsolution of Hn{x, dxu) — k, 
with fc G M, if Hri{x, d^u) < k for almost every x G M . 

This definition makes sense because, by Rademacher's theorem, dxU exists almost every- 
where. It is possible to show that there exists c[ri] G M, such that H^{x,dxu) = k admits no 
subsolutions for k < c[ri] and has subsolutions for k > c[r]], see [21] [12]. The constant c[ri] is 
called Mane's critical value and coincides with a{c), where c — [rj] (see |10[ 112]). 

Definition 3.11. A function u : M — > R is an rj-critical subsolution, if Hr^{x, d^u) < a{c) for 
almost every x £ M. 

In particular. Mane's critical energy level £* := {{x,p) G T*M : H{x,p) — a{c)} is the 
only energy level in which there exist classical or weak solutions of Hamilton-Jacobi equation 
Hjj{x,du) — a{c). Denote by <S^ the set of critical subsolutions. This set 5,, is non-empty. In 
fact, it is showed in [T21 that: 
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Proposition 3.12. If u : M — > R is an rj-critical suhsolution, then for every x, y € M 

u{y) - u{x) < hjj{x,y) . 

Moreover, for any x £ M, the function h^^x{-) ■— hj-i{x, •) is a rj-critical suhsolution. 

There is a more geometric way to define the Aubry set in the cotangent space, using directly 
these critical subsolutions; it is possible to show that this set is given by the intersection of the 
graph of the differentials of this critical subsolutions (where they are defined) plus the 1-form 
T]. In particular, it turns out that each critical suhsolution is diffcrentiable on the (projected) 
Aubry set and their differentials coincide on this set. The following can be proven, see [T^ [T^ . 

Theorem 3.13. Let 

.A* :— {(x,77a; + dxu) : u is differentiable at x} C T*M . (10) 

Then A* = C{Ac), where C is the Legendre transform defined in 0j. 

Using critical subsolutions, one can also obtain a nice representation of /i,,; for x G Ac and 
y^M: 

hrjix, y) = sup {u(y) - u{x)} , 

where this suprcmum is actually attained, for fixed x,y G Ac- Moreover, for x,y G Ac'- 

6c{x,y)= sup {{u - v){y) - {u - v){x)} . 

These results can be improved (see [13]): 

Theorem 3.14. For any rj-critical suhsolution u : M — > R and for each e > 0, there exists a 
function u : AI > M such that: 

i) "^(2;) — u{x) and i?,j(x, dxu) = q(c) on Ac', 

ii) \u[x) — u{x)\ < e and Hrf{x,dxu) < a{c) on Ad \ Ac- 

This implies that ?7-critical subsolutions are dense in 5^ with the C°-topology. This 
result has been recently extended by Patrick Bernard (see [3 ), showing that every T^-critical 
suhsolution coincides, on the Aubry set, with a C^'^ ?7-critical suhsolution (that is the best 
regularity that one can generally expect). Denoting the set of ry-critical subsolutions by S}^, 
one can rewrite: 

A* = Pi Graph(r/ + dM); (11) 

in particular, there exists a ?7-critical suhsolution u such that: 

A*c = Graph(r/ + du) n (12) 

In the same way, one obtains: 

Ki^'V) = max {u{y) - u{x)} 

6c{x,y) = max {(u - ■u)(y) - (u - w)(x)} , 

for any x, y G Ac- 
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4 Minimizing properties of Lagrangian graphs and unique- 
ness results. 



In this section we shall prove the main results announced in Section [51 Let us start by proving 
some action minimizing properties of probability measures supported on Lagrangian graphs. 

Given a Lagrangian graph A with Liouville class c, we shall say that A is c-subcritical, or 
simply subcritical, if A C {{x,p) G T*M : H{x,p) < a(c)}, where a : H^(M;M) — > R is 
Mather's a-function. Given a subcritical Lagrangian graph A with Liouville class c, we shall 
call Acrit — {{x,p) € A : H{x,p) — a(c)} its critical part. The key result we need to prove is 
the following characterization of minimizing measures. 

Lemma 4.1. Let fi be an invariant probability measure on TM and fi* = C^fi its push-forward 
to T*M, via the Legendre transform C Then, ^ is a Mather's measure if and only i/supp/i* 
is contained in the critical part of a subcritical Lagrangian graph. In particular, any invari- 
ant probability measure fi* on T*M , whose support is contained in an invariant Lagrangian 
graph with Liouville class c, is the image, via the Legendre transform, of a c-action minimizing 
measure. 

Proof, (i) If /i is a Mather's measure with cohomology class c, then the support of /i* is 
contained in C{Mc) '!= A^. By (fTT|) . Al is an intersection of subcritical Lagrangian graphs, 
so supp fi* is contained in at least one subcritical Lagran^an graph A. In particular supp /i* 
is contained in the critical part of A, simply because C{Aic) is contained in the energy level 
£* = {{x,p) e T*M : H{x,p) = a{c)}, see TheoremO 

(ii) Let us fix to be a closed 1-form with [rj] = c. Since we are assuming that A is a c- 
subcritical Lagrangian graph, we can write A = {(x, ri{x) + du{x)) , x G M}, where u : M M. 
is C^. By Theorem l3.91 in order to show that /it is a c-action minimizing measure, it is enough to 
show that supp fi C J\f^, i.e., that any orbit in supp /x is a c-minimizer, see ([T]). To this purpose, 
let us consider (x,v) G supp/x and let j{t) = 7r($t(a;, w)), where $t is the Euler-Lagrange flow 
and TT the canonical projection on M. Given any interval [a, b] C K, let us consider the difference 
w(7(&)) — u(7(a)) and rewrite it as: 

pb pb 

u{j{b)) - u{-/{a)) = d^(,)u(7(s))7(s)ds = / [i^(7(s), 7(5)) + i7^(7(s), ds , (13) 

<y a <y a 

where the second equality follows from the definition of the Hamiltonian as the Legendre- Fenchel 
transform of the Lagrangian and the fact that 7(5) is an orbit of the Euler-Lagrange flow. Note 
that along the orbit Hrj{'y{s),d^(^s)u) = a(c), because supp/x is invariant and supp/z* is in the 
critical part of A. Then 

b 

Lnilis), i{s))ds = u(7(6)) - ^(7(0)) - a{c){b ~ a) . (14) 

On the other hand, any other curve 71 : [a, 6] — > M such that 71(a) = 7(a) and 7i(&) — j{b) 
satisfies: 

i*b j*b 

u{j{b))-u{-i{a))^ I d^^(s)w(7i(s))7(s)ds < / [i,, (71(5), 71(5)) -t- iJ,, (71(5), d^^(s)u)] 

J a J a 

(15) 



13 



where the second inequality follows again by the duality between Hamiltonian and Lagrangian. 
Note that now iJ^(7i(s), c?^j(s)m) < a(c), because A = {{x,ri{x) + du{x))} is subcritical. Then 

b 

LMs),ii{s))ds > u{j{b)) - u{j{a)) - a{c){b - a) (16) 

and this proves that 7 is a c-minimizer. 

Let us finally observe that the Hamilton function on any invariant Lagrangian graph A = 
{(cCjTy + du)} is a constant: H{x,ri + du) = k (see Appendix IB|) . Then u is a classical solution 
of the Hamilton- Jacobi equation with cohomology class c. As discussed in Section II, there is 
only one possible value of k for which such solutions can exist, namely k — a{c), and this shows 
that A coincides with its critical part. By the result proved in item (ii), if /i* is supported on 
A, then /i is a c-action minimizing measure and this proves the last claim in the statement of 
the Lemma. □ 

We can now prove the well-known uniqueness result for Lagrangian graphs supporting in- 
variant measures of full support, in a fixed cohomology class, stated in the Introduction. 

Theorem 4.2. If A C T* M is a Lagrangian graph on which the Hamiltonian dynamics admits 
an invariant measure /i* with full support, then A = C(^A4c) = A*, where c is the cohomol- 
ogy class of A. Therefore, if Ai and A2 are two Lagrangian graphs as above, with the same 
cohomology class, then Ai = A2. 

Proof. By Lemma |4.H the measure /i = C~^fi* is c- minimizing. This means that C~^(A) = 
supp/i Mc Q Ac, where the last inclusion follows from Theorem 13.91 Note however that, by 
Theorems 13. 21 and 13. 81 Aic and Ac are graphs over their bases and, since supp is a graph over 
the whole M, it follows that 

£-1 (A) = supp n^Mc^ Ac- (17) 

□ 

One can deduce something more from the above proof. 

Theorem 4.^ If A and /i are as in Theorem \4-^ and p is the rotation vector of fi — C^^fi* , 
then A — £(A4''). Therefore, if Ai and A2 are two Lagrangian graphs supporting measures of 
full support and the same rotation vector p, then Ai = A2. Moreover, Mather's P -function is 
differentiable at p with d(3{p) = c, where c is the cohomology class of A. 



Proof. The first claim follows from the fact that A^'' is a graph over M and that by definition 
MP D supp/i = £^^(A). As far as the differentiability of at p is concerned, suppose that 
c' G H^(Af;M) is a subdcrivative of /3 at p. Therefore, P{p) — {c',p) — a(c') and this implies 
that MP C 971^/; in fact, for any peTlP; 

f {L-fi')dp^ f Ldp~ f fi'dp^p{p)~{c',p)^-aic'), 
Jtm Jtm Jtm 

where 77' is a closed 1-form of cohomology c'. As a result, A4p = Cr^ (A) C M.c' ■ The graph 
property of hAd and of Ad implies that Ad = A^c' = (A) and A*d = A. As a consequence. 
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c' = c. In fact, by Theorem 13.141 and Eg. pTjl . there exists a function v : M — > R, such 
that A = {{x, rj + dv) : x G M}, where ij' is a closed 1-form with [77'] = c'. This, by definition, 
means that c' is the cohomology class of A and therefore c' — c. □ 

We are now in the position of proving the main uniqueness result in a homology class, stated 
in the Introduction. 

Theorem 4.4. Let A be a Schwartzman strictly ergodic invariant Lagrangian graph with ho- 
mology class p. The following properties are satisfied: 

(i) if An A* ^ 0, then A — A* and c — ca, where ca is the cohomology class of A. 

(ii) the Mather function a is differentiable at c\ and da(cA) — P- 
Therefore, 

(iii) any invariant Lagrangian graph that carries a measure with rotation vector p is equal to 
the graph A; 

(iv) any invariant Lagrangian graph is either disjoint from A or equal to A. 

We shall need the following Lemma. 

Lemma 4.5. Let p,c be respectively an arbitrary homology class in Hi(M;IR) and an arbitrary 
cohomology class H^(A/;R). We have 

(1) TW" n Xc 7^ ^ {2) MP C Ac ^ (3) p e da{c) . 

Proof of Lemma l4.5l The implication (2) (1) is trivial. Let us prove that (1) (3). 
If MP n Ac 0, then there exists a c-minimizing invariant measure fi with rotation vector p. 
Let be a closed 1-form with [ry] = c; from the definition of a and /?: 

-a(c) = / iL-fi)dp^ L dp - {c, p) ^ f3{p) - {c, p) ; 
Jtm Jtm 

since P and a are convex conjugated, then p is a subderivative of a at c. 

Finally, in order to show (3) =^ (2), let us prove that any action minimizing measure with 
rotation vector p is c-minimizing. In fact, if p G da{c) then a{c) — {c, p) ~ /3(p); therefore for 
any p G TIP and rj as above: 

-a{c) = Pip) - (c, p) ^ (L - ?}) dp. 

Jtm 

This proves that p G Tic and concludes the proof. □ 

Proof of Theorem 14.41 (i) From Theorem 14.21 it follows that A = ^*^. Let us show 
that it does not intersect any other Aubry set. Suppose by contradiction that A intersects 

another Aubry set A*^. By Theorem A = (^MP'j , then MP H Ac ^ 9 and, because of 

the previous lemma and the graph property of Ac, we can conclude that A* ~ A. The same 
argument used in the proof of Theorem 14.31 allows us to conclude that c = ca- 
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{ii) Suppose that h G da{cA)- The previous lemma imphes that Ai'^ C A; the Schwartzman 
unique ergodicity property of A imphes h ^ p. Therefore a is differentiable at ca and da{c\) — 
P- 

To prove (iu), let Ai be an invariant Lagrangian graph, and call ci its cohomology class. 
If the compact invariant set A n Ai is not empty, then we can find a probability measure 
/i* invariant under the flow and whose support is contained in this intersection. Since /x* is 
contained in the Lagrangian graph Ai, by Lemma |4. 11 it is ci-minimizing. Hence, the support 
of n* is contained in A^^ . This shows that the intersection A n A^^ contains the support of n* 
and is therefore not empty. By {i), A — A^^ . Moreover, note that A^^ C Ai, because, on the one 
hand, Ai — Graph(?7i + dui), with [771] = ci and ui a classical solution to the Hamilton-Jacobi 
equation (see proof of Lemma HTTj) . and, on the other hand, A^.^ = n„g5iGraph(77i + c?mi), see 
([TT|) . Therefore, A = Ai, since they are both graphs over the base. 

To prove {Hi), consider an invariant Lagrangian graph Ai, with cohomology class ci, which 
carries an invariant measure ^* whose rotation vector is p. By Lemma 14.11 the measure 
p,* is ci-minimizing. Therefore, we have Ai'' fl Aci 7^ 0. By Lemma 14.51 it follows that 
£^^(A) = AiP C Aci C C^^{Ai). Again, this forces the equality A = Ai by the graph prop- 
erty. □ 

Finally, observe that Lemma l3.H Theorem l3.9l and Lemma [43] imply the following property. 

Corollary 4.6. The Mather function a is differentiable at c if and only if the restriction of 
the Euler- Lagrange flow to Ac is Schwartzman uniquely ergodic, i.e., if and only if all invariant 
measures supported on Ac have the same rotation vector (see Appendix\^for the definition and 
a discussion of Schwartzman ergodic flows). 



5 Global uniqueness of KAM tori 

In this section we motivate more precisely the problem of uniqueness of KAM tori and we prove 
Corollary 12.61 We also show how to generalize Corollary 12.61 to cover the case of invariant tori 
belonging to the closure of the set of KAM tori. 

KAM theory concerns the study of existence of KAM tori (see Definition 12. 5p in quasi- 
integrablc Hamiltonian systems of the form H{x,p) = Hq(p) +ef{x,p), where: {x,p) are local 
coordinates on T" x M", e is a "small" parameter and f{x,p) a smooth function. If e = the 
system is integrable, in the sense that the dynamics can be explictly solved: in particular each 
torus T" X {pq} is invariant and the motion on it corresponds to a rotation with frequency 
p{Po) = ^^{Po)- The question addressed by KAM theory is whether this foliation of phase 
space into invariant tori, on which the motion is (quasi-)periodic, persists even if e ^ 0. In 
1954 Kolmogorov stated (and Arnol'd and Moser proved it later in different contexts) that, in 
spite of the generic disappearence of the invariant submanifolds filled by periodic orbits, pointed 
out by Poincare, for small e it is always possible to find KAM tori corresponding to "strongly 
non-resonant\ i.e., Diophantine, rotation vectors. Let us recall here the definition and some 
properties of Diophantine vectors: given C, r > 0, we say that p £ M" is a (C, T)-Diophantine 
vector if and only if C\{p,v)\ > \v\^'^ , \/v G Z" \ {0}. The set of (C, r)-Diophantine vectors 
wiU be denoted by X»(C, t). Note that, if t < n - 1, X»(C, t) = 0, while for r > n - 1, the Dio- 
phantine vectors have full measure in R", that is linii^^oo /xo(Uc>o2?(C, r) n Bps)/ pq{Bji) — 1, 
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where /zq is the Lesbegue measure and Br is the ball of radius R centered at 0; for r = n — 1, 
Uc>o^'(C, r) has measure zero but Haussdorf dimension n. The celebrated KAM Theorem 
(in one of its several versions) not only shows the existence of such tori, but also provides an 
explicit method to construct them. 

Theorem (Kolmogorov-Arnol'd-Moser) Bp]. Let n > 2, t > n - I, C > 0, £ > 2t + 2, 
M > and r > be given. Let Br G M" be the open ball of radius r centered at the origin. Let 
H e C^(T" X Br) be of the form 

Hix,p)^Hoip)+ef{x,p) (18) 

with \Ho\c^ < M, \f\c^ < M, > and p = ^(0) e V{C,t). Then, for any 

s < £ ~ 2t ~ 1, there exists Eq > such that for any e < Eq the Hamiltonian (jl8[) admits a 
(js,s+T torus with rotation vector p, i.e., a C"*^'^ invariant torus such that the Hamilto- 

nian flow on it is -conjugated with a rotation with frequency p. 



Remarks. 

1) If -ff e C°° then the KAM torus mentioned in the theorem above is C°° . If H is real analytic 
then the KAM torus is real analytic. 

2) As already mentioned, the proof of this theorem is constructive and it actually contains 
much more informations than those summarized in the above statement. For instance, in the 
analytic case, the proof consists of an iterative method allowing one to construct order by order 
the series defining the conjugation function (and to prove convergence of the formal series). In 
the differentiable case the proof is based on the idea of iteratively approximating differentiable 
functions by analytic ones and then using the inductive approximation scheme of the analytic 
case. In the differentiable case the proof provides an explicit construction of a KAM torus 
(however the construction a priori depends on a number of arbitrary choices one has to make 
along the proof - e.g., the choice of cutoffs one needs to introduce in the iterative approximation 
scheme) . 

3) The invariant torus constructed in the proof of the KAM Theorem is locally unique, in 
the sense that for any prescribed (and admissible) s there is at most one (7"'*"'"'^ KAM torus 
with rotation vector p within a C"*-distance 5{n, s, C, r) to the one constructed in the proof of 
the KAM Theorem, see [51 [221 [SD]- Note that the C"*-distance 5 within which one can prove 
uniqueness of the KAM torus in a prescribed regularity class depends both on the irrationality 
properties of p and on the regularity class s itself. It is then a priori possible that even for 
small £ there exist different KAM tori within a prescribed -distance from the one constructed 
in the proof of the Theorem, possibly less regular than that torus. Quite surprisingly, even in 
the analytic case, we are not aware of any proof of "global" uniqueness of the invariant analytic 
KAM torus with rotation vector p (of course in the analytic case the analytic torus one manages 
to construct is unique within the class of analytic tori - however nothing a priori guarantees 
that less regular invariant tori with the same rotation vector exist). 

The questions arisen in remark (3) is our main motivation for the study of the problem of 
global uniqueness of KAM tori. Our result, in the form stated in the Corollary in Section [2 
settles the question and shows that, at least in the case of Tonelli Hamiltonians, it is not possi- 
ble to have two different KAM tori with the same rotation vector. Note that the assumption of 
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strict convexity of the Hamiltonian is necessary to exclude trivial sources of non-uniqueness: for 
instance, in the context of quasi-integrable Hamiltonians, global uniqueness could be lost simply 
because the unperturbed Hamiltonian induces a map p — s- dpH(){p) from actions to frequencies 
that is not one to one. Let us also remark that, apparently, the Hamiltonian considered in 
KAM Theorem is not a Tonelli Hamiltonian, since the latter, by definition, is defined globally 
on the whole T" x R". However any strictly convex Hamiltonian defined on x Br for 
some r > can be extended to a global Tonelli Hamiltonian. Then in the statement of the 
KAM Theorem above it is actually enough to assume iJ to be a Tonelli Hamiltonian, locally 
satisfying the (in)equalities listed after p^ . 

Given the proof of our main results in Section 21 the proof of Corollarv l2.6l is very simple. 

Proof of Corollary 12. 6i Since the Lagrangian KAM torus T admits an invariant measure 
II* of full support, which is the image via the conjugation (p of the uniform measure on T", then 
the claims follow from Theorem 14.31 Note that for rationally independent rotation vectors, a 
classical remark, generally attributed to Herman [18] (see Appendix [B] for a proof), implies that 
T is automatically Lagrangian. □ 

An interesting generalization of the result of Corollarv l2.6l concerns the invariant tori belong- 
ing to the C°-closure T of the set T of all Lagrangian KAM tori. Note that, for quasi-integrable 
systems, T is not empty. The set T can be seen as a subset of Lip(T", R"). This follows from 
Theorem 14.31 and from Mather's graph theorem, see Theorems 13. 2[ 13. 4[ and the results in 
|25j . Moreover, any family of invariant Lagrangians graphs on which the function a (or H) is 
bounded gives rise to a family of functions in Lip(T",K") with uniformly bounded Lipschitz 
constant. This is because, given A in such a family and denoting by (77 -|- du) its graph, for any 
pair of points x,y G T"' and any smooth curve 7(t) on A connecting x to y with unit speed, 
we have that u{x) — u{y) < jj'^ ^' Lrf{j{t),'y{t)) + a{c)\x — y\, where c = [t]], see (fT5|) . By 
Ascoli-Arzela theorem, it follows that T is also a subset of Lip(T", M"), consisting of functions 
whose graphs are invariant C'^-Lagrangian tori. Herman [19] showed that, for a generic Hamil- 
tonian H close enough to an integrablc Hamiltonian Hq, the dynamics on the generic tori in 
T is not conjugated to a rotation. These "new" tori therefore represent the majority, in the 
sense of topology, and hence most invariant tori cannot be obtained by the KAM algorithm. 
More precisely, Herman showed that in T there exists a dense Gs set {i.e., a dense countable 
intersection of open sets) of invariant Lagrangian graphs on which the dynamics is strictly er- 
godic and weakly mixing, and for which the rotation vector, in the sense of Section |31 is not 
Diophantine. These invariant graphs are therefore not obtained by the KAM theorem, however 
our uniqueness result do still apply to these graphs since strict ergodicity implies Schwartzman 
strict ergodicity. 

More generally, given any Tonelli Lagrangian on T", we consider the set T of invariant 
Lagrangian graphs on which the dynamics of the flow is topologically conjugated to an ergodic 
linear flow on T" (of course, far from the canonical integrable Lagrangian the set T may be 
empty). The dynamics on anyone of the invariant graph in T is strictly ergodic. Since the set of 
strictly ergodic flows on a compact set is a Gs in the topology, see for example [l3l Corollaire 
4.5], it follows that there exists a dense Gs subset Q of the C*^ closure of T in Lip(T",R"), such 
that the dynamics on any A g ^ is strictly ergodic. Therefore we have the following proposition. 
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Proposition 5.1. There exists a dense Gg set Q in the closure of T consisting of strictly 
ergodic invariant Lagrangian graphs. Any A g 5 satisfies the following properties: 

(i) the invariant graph A has a well-defined rotation vector p{A). 

(ii) Any invariant Lagrangian graph that intersects A coincides with A. 

(iii) Any Lagrangian invariant graph that carries an invariant measure whose rotation is p(A) 
coincides with A. 

Appendices 

A Schwartzman unique and strict ergodicity 

In Section [3] we have introduced the concept of rotation vector of a measure. This is closely 
related to the notion of Schwartzman asymptotic cycle of a flow, introduced by Sol Schwartzman 
in [31] , as a first attempt to develop an algebraic topological approach to the study of dynamics. 
In particular, we would like to provide some examples and investigate some properties of what 
we call Schwartzman uniquely ergodic flows. 

One can give a different description of the Schwartzman asymptotic cycle of a flow. This 
is also known as the flux homomorphism in volume preserving and symplectic geometry, see 
[2] [Chapter 3]. We will use the description given in [11] [pages 67-70]. This definition has the 
technical advantadge of not relying on the Krylov-Bogolioubov theory of generic orbits in a 
dynamical system, although a more geometrical definition showing that "averaged" pieces of 
long orbits converge almost everywhere in the first homology group for any invariant measure 
is certainly more heuristic and intuitive. 

Let us start with some standard facts. As usual we set T = M/Z. The space T is a topological 
group for the addition. An important feature of T is that the canonical projection tt : M ^ T 
is a covering map. Therefore given any continuous path 7 : [a, b] T, with a < b, we can find 
a continuous lift 7 : [a, 6] — *■ T such that 7 = nj. Any two such lifts differ by an integer. It 
follows that the quantity 7(6) — 7(a) does not depend on the lift. We will set 

V(7) = 7(6) -7(a) e R. 

This quantity remains constant on the homotopy class, with fixed end points, of the path 7. 
Morever, if 7 is a closed path, i.e., we have 7(a) — 7(6) then V(7) G Z, and, if such a closed 
path is homotopic to (with fixed endpoint) then V(7) = 0. It is also clear that for c E [a, b], 
we have 

V(7|[a,6])- V(7|[a,c]) + V(7|[c,6]). 
Note also that two continuous paths 71, 72 : [a, 6] — > T can be added by the formula 

(7i+72)(<)=7i(i)+72(t). 

For this addition we have 

V(7i+72)=V(7i)+V(72). 
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Another important property of the map V is its continuity on the functional space C°([a, 6], T), 
endowed with the topology of uniform convergence. If we call 9 the closed 1-form on T whose 
lift to R is the usual differential form dt on R, where dt is the differential of the identity map 
M ^ M, t ^ It is well-known that when 7 : [a, 6] ^ T is , we have 

V(7)= / 0= f9,^f^m)dt. 

J 'y J a 

If X is a topological space, and F : Xx [a, 6] ^ T is a given map, we will define V{F) : X ^ M 

by 

VxeX, V{F){x) ^V{F^), 

where : [a, 6] ^ T is defined by Fx{t) — F{x, t). The continuity of V on C"([a, 6], T) implies 
that V(F) is continuous. Furthermore, the continuity of V on C°([a,6],T) also implies that 
the map C°(X x [a,6],T) C^{X,T),F i— » V{F) is continuous , when we provide spaces of 
continuous maps with the compact open topology. 

If F can be lifted to a continuous map F : X y. [a.h] ^ M. with F — ttF, then 

V{F){x) = F{x,b) - F{x,a). 

Suppose now that X is a topological space, and that {(t)t)teM is a continuous flow on X. We 
will define $ : X x [0, 1] ^ X by <i>(x, t) = 4>t{x). If / ; X ^ T is continuous, we set 

V(/,0t)-V(/o$):X^R. 

There is another another way to define V{f,4>t) which is used in [TT]. The fimction $) : 
X X [0, 1] -> T, defined by 

F{f,^){x,t)^ fiM^))- fix) 

is continuous and identically on X x {0}, it is therefore homotopic to a constant and can be 
lifted to a continuous map F{ f, $) : X x [0, 1] R, with $)|X x {0} identically 0. We 
have 

Vif,q^t){x)=F{f,<^>){x,l). 

Note that is / is homotopic to then it can be lifted continuously to f : X ^ M.. In that case 
$) = /$- /, and 

Vif,cbt)ix)^fiMx))-f. 

If /Lt is a measure with compact support invariant under the flow (/if , for a continuous / ; X ^ T, 
we define S{iJ,,(j)t){f), or simply S{fj,){f) when 0f is fixed, by 

'5(m)(/)= / Vif,(bt)ix)d^iix). 
Jx 

It is not difficult to verify that for fi, f2 : X ^ T, then 

5(m)(/i+/2)=5(m)(/i)+5(a.)(/2). 
Moreover, if / : X ^ T is homotopic to it can be lifted to / : X ^ R and 

SMif)= I [Rc^iix)) - f(,x)W{x) ^ [ fiM^))dti{x)- [ f{x)dp^{x)^Q 

JX JX JX 
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since /i is invariant by Therefore, if we denote by [X, T] the set of homotopy classes of 
continuous maps from X to T, which is an additive group, the map iS(/i) is a well-defined 
additive homomorphism from the additive group [X, T] to M. 

When X is a good space (like a manifold or a locally finite polyhedron), it is well-known 
that [X,T] is canonically identified with the first cohomology group H^(X;Z). In that case 
S{iJ,) is in Hom(H^(X; Z), K). Since the first cohomology group with real coefficients H^(X; M) 
is li^{X-, Z) ® R, we can view iS(/i) as an element of the dual li^{X; R)* of the M-vector space 
Hi(X;R). When Hi(X;R) is finite-dimensional then Hi(X;M)* is in fact equal to the first 
homology group Hi(X;M), and therefore S{n) defines an element of Hi(X;M), i.e., a 1-cycle. 
This 1-cycle S{fi) is called the Schwartzm,an asymptofAc cycle of fi. Note that H"'^(X;IR) is 
finite dimensional when X is a finite poilyhedron or a compact manifold. It should be also 
noted that for a manifold M the projection TM — > M is a homotopy equivalence. Therefore 
lV-{TM;'R) = lV-{M;'R) is finite dimensional when M is a compact manifold. 

We now study the behavior of Schwartzman asymptotic cycles under semi-conjugacy. 

Proposition A.l. Suppose 4>l : X^ ^ Xi,i =1,2 are two continuous flows. Suppose also that 
ip ■ Xi ^ X2 is a continuous semi-conjugation between the flows, i.e., i^ocj)^ = (fy^oip, for every 
t E M.. Given a probability m,easure /i with compact support on Ni invariant under then, 
for every continuous map f : X2 T, we have 

)([/]) =.5(/.,<^i)([/oV]), 

where is the image of fi under tp. In particular, if we are in the situation where Hom([Xi, T]) e 
Hi(Xj;IR),« = 1,2, we obtain 

S{xl,.,jL,ct>l)=H^mS{,jL,ct>])). 

Proof. Notice that ftp(j)l{x) — ftp{x) = f(l)f{ip{x)) — f{tjj{x)). Therefore by imiqueness of 
liftings V{ftp,(j)l){x) = V{f,(j>f){ip{x)). An integration with respect to /x finishes the proof. 

□ 

We would like now to relate the Schwartzman asymptotic cycles to the rotation vectors 
defined for Lagrangian flows. We first consider the case of a flow (pt on the manifold A''. We 
call X the continuous vector field on N generating (f>t, i.e., 



dt 

By the flow property 4>t+t' = <t>t° , this implies 



t=o 



Vx G iV, Vt G M, ^^1^ = X{ct)t{x)). 

In the case of a manifold TV, the identification of [AT, T] with (TV; Z) is best described with 
the de Rham cohomology. We consider the natural map In ■ [X,T] H^(X;]R) defined by 

Mif]) = [ro], 

where [/] on the left hand side denotes the homotopy class of the C°° map / : — > T, and 
[f*9] on the right hand side is the cohomology class of the puUback by / of the closed 1-form on 
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T whose lift to M is dt. Note that any homotopy class in [A^, T] contains smooth maps because 
C°° maps are dense in C" maps (for the Whitney topology). Therefore the map In is indeed 
defined on the whole of [N, T] . As it is well-known, this map In induces an isomorphism of 
[A^, T] on Hi (TV; Z) C (A^; R) = {N; Z) ® R. 

Given a C°° map f : N ^ T, the flow 0* on N, and x G N, we compute V(/, 4't){x)- If 
7x : [0, 1] — > AT is the path 1 1— > (t>t{x), by definition, we have V(/, (l>t){x) = V{f o 7^,). Since 7x 
is C^, we get 



V(/,0t)(x) = 




Since 7x(i) = (l>t{x), we have 70; (i) = X(<;it(a;)). It follows that 

v{fAt){x) = l\re)4,,^,^{x[Mx)])dt. 

Jo 

Recall that the interior product ixoJ of a differential form u) with X is given by 

{■ixoj)x{- ■■)= uJx{X{x), ■■■). 
When a; is a differential 1-form then ixu) is a function. With this notation, we get 

v{f,<f>t){x)= [\ixre){Mx))dt. 

Jo 

Therefore if fj. is an invariant measure for (/>(, which we will assume to have a compact support, 
we obtain ^ 

S{f^)= f f {txrO){4>t{x))dtdfi{x). 

J N Jo 

Since ixf*0 is continuous, and we arc assuming that /U has a compact support, we have 

s{ij)= I I {ixre){Mx))dii{x)dt. 

Jo Jn 

By invariance of n under (j)t, we get J^i^x f*d){(j)t{x)) diJ,{x) = JN{^xf*0){x) dii{x), and there- 
fore ^ 

sifi)= f f {txro){x)dn{x)dt= [ iixre)dfi. 

Jo Jn Jn 
This shows that as an element of H.^{M;R)* , the Schwarztman asymptotic cycle <S(/z) is given 
by 

5(/i)([w]) = / ixojdjj. 
Jn 

We can now easily compute Schwartzman asypmtotic cycles for linear flows on T". Such a flow 
is determined by a constant vector field a G M" on T" (here we use the canonical trivialisation 
of the tangent bundle of T"), the associated flow i?" ; Tp" _^ •j" jg dcflncd by Rf{x) = x + [ta], 
where [to] is the class in T" = M"/Z" of the vector to G M". If w is a 1-form with constant 
coefficients, i.e., lo = o^dxi, with Ui G M, the interior product i^w is the constant function 

Er=i '^i^'i- Therefore, it follows that <S(/i) =a€W = Hi(T";R). 
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We now compute Schwartzman asymptotic cycles for Euler-Lagrange flows. In this case 
N = TM and (jit is an Euler-Lagrange flow (f)^ of some Lagrangian L. If we call Xl the vector 
field generating 0^ , since this flow is obtained from a second order ODE on M, we get 



where Ttt : T{TM) TM denotes the canonical projection. Since this projection tt is a 
homotopy equivalence, to compute S{fi) we only need to consider forms of the type 7r*a; where 
a; is a closed 1-form on the base M. In this case {ixLT^*tu){x,v) = ujx{TTr{XL{x,v)) — ujx{v). 
Therefore, for any measure probability measure on TM with compact support and invariant 



This is precisely p{fi) as it was defined above in section [3] Note that the only property we have 
used is the fact that ipt is the flow of a second order ODE on the base M. 

To simplify things, in the remainder of this appendix, we will assume that X is a compact 
space, for which we have [X, T] = H^(X; Z), and lii{X; Z) is flnitely generated. In that case, the 
dual space H^(X;R)* is Hi(X;K), and for every flow ipt on X and every probability measure 
fi on X invariant under the Schwartzman asymptotic cycle is an element of the flnite 
dimensional- vector space Hi(X;]R). 

Suppose that a; is a periodic point of (pt or period T > 0. One can define an invariant 
probability measure /i^.to for (jft by 



where g : X — > R is a measurable function. We let the reader verify that S{iJ,x,to) is equal in 
Hi(X;R) to the homology class ['yx,to]/to, where jx,to is the loop t i-^ (t)t{x),t G [0,io]- When 
a; is a fixed point of (pt, then the Dirac mass 5x at x is invariant under pn and in that case 
S{5x) = 0. 

Definition A. 2. For a flow pt on X, we denote by S{(l)t) the set of all Scwartzman asymptotic 
cycles S{fi), where /i is an arbitrary probability measure on X invariant under 

Since X is compact, note that for the weak topology the set dJl{X) of probability Borel 
measures on X is compact and convex. It is even metrizable, since we are assuming X mctriz- 
able. Furthermore the subset dJl{X,ipt) C Tl{X) of probability measures invariant under (pt 
is, as it is well-known, compact convex and non empty. Therefore S{4>t) is a compact convex 
non-empty subset of Hi(X;M). 

For the case of a linear flow i?" on T", we have shown above that S{Rf) — {a} C M" = 
Hi(T";R). 

The following corollary is an easy consequence of Proposition lA.il 

Corollary A. 3. For i = 1,2, suppose that pl is a continous flow on the compact space Xi, 
which satisfies Hom([Xi, T], K) = Hi(Xi;R). If ip : Xi — > X2 is a topological conjugacy between 
(p\ and Pt (i.e., the map ip is a homeomorphism that satisfies tpp)] = (pt^, for all t then 
we have 



VxeM,yveTxM, Ttt{Xl{x,v)) ^ V, 



under 0^, we obtain 





Sicp't) = HiinSiPl)]. 
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We denote by the set of continuous flows on X. We can embed ^{X) in C° {X x [0, 1] , X) 

by the map (t>t ^ F"^' € C°{X x [0, l],X), where 

The topology on C^{X x [0, 1],-^) is the compact open (or uniform) topology, and we endow 
S{X) with the topology inherited from the embedding given above. 

Lemma A. 4. The map (pt ^ S{(l)t) is upper semi- continuous on ^{X). This means that for 
each open subset U C Hi(X;]R), the set {(pt G ^{X) \ S{(j)t) C U} is open in ^{X). 

Proof. Since the topology on C° (X x [0, 1] , X) is metrizable, if this where not true we could find 
an open set U C Hi(X;R) and a sequence 0" of continuous flows on X converging uniformly 
to a flow (pt, with 5((/)t) C U, and <S(0") is not contained in U. this means that for each n 
we can find a probability measure /x„ on X invariant under i^" and such that its Schwartzman 
asymptotic cycle S{fin,<Pt ) for (/)^ is not in the open set U. Since 97l(X) is compact for the weak 
topology, extracting a subsequence if necessary, we can assume that fi„ — > fj,. It is not difficult 
to show that is invariant under the flow (pt- We now show that — > S{fi,(t)t)- This 
will yield a contradiction and finish the proof because iS(/i„, 0") is in the closed set Hi(X;R)\[/, 
for every n, and S{ii,4)t) G U. 

To show that the linear maps S{iJim<f)t ) G Hi(X;M) = H^(X;M)* converge to the linear 
map S{^,(j)t), it suffices to show that <S(^„, 0" )([/]) — * S{fj., (j)t){[f]), for every [/] £ [X,T] = 
IV-{X;Z) C Hi(X;M) = Hi(X;Z) R. Fix now a continuous map f : X ^ T. Denote by 
Fn,F : X X [0,1] the maps defined by 

F„(x,t) = fi(f>n^)) - fi^) and F{x,t) = f{Mx)) ~ f{x). 

By the uniform continuity of / on the compact metric space X, the sequence Fn converges 
uniformly to F. Since Fn\X x {0} = 0, if we call F„ : X x [0,1] ^ R the lift of F^ such that 
Fn[X X {0} = 0, then the sequence Fn also converges uniformly to F, that is the lift of F such 
that F[X X {0} = 0. Since the are probability measures, we have 

F„(X,1K(X)- / F{x,l)fln{x) < llF-n-^lloc ^0. 
X JX 

Since /i„ ^ weakly, we also have 

F(a;,l)^„(x) - / -^0. 
X J X 

Therefore S{iin. (/.?)([/]) = /x ^"(^' ^ '^(m, = /'(x, l)^x^{x). □ 

Definition A. 5. [Schvifartzman unique ergodicity] We say that a flow (pt is Schwartzman 
uniquely ergodic if S{4>t) is reduced to one point. 

By the computation done above linear flows on the torus T" are Schwartzman uniquely 
ergodic. Of course, all uniquely ergodic flows {i.e., flows having exactly one invariant proba- 
bility measure) are also Schwartzman uniquely ergodic. Moreover, by Corollarv lA.3[ any flow 
topologically conjugate to a Schwartzman uniquely ergodic flow is itself Schwartzman uniquely 
ergodic. 
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Theorem A. 6. The set &{N) of Schwartzman uniquely ergodic flows is a Gs in 

Proof. . Fix some norm on H-'^(X;R). Wc will measure diameters of subsets of H^(X;]R). 
with respect to that norm. Fix e > 0. Call the set of flows (pt such that the diameter of 
S{(f)t) C Hi(X;]R) is < e. If (p^ G U^, we can find U an open subset of Hi(X;]R) of diameter 
< € and containing S{(f)'}). By the lemma above the set {(j)t & I •Si4't) C U} is open in 

contains and is contained in Ue- The set of Schwartzman uniquely ergodic flows is 
n„>iZ^i/„. □ 

Proposition A. 7. Let ipt : X — > X be a continuous flow on the compact path connected space 
X. Suppose that there exist ti t +oo such that ipt^ — >(p in C{N,N) (with the C'^ -topology). 
Then, ipt is Schwartzman uniquely ergodic. In particular, periodic flows and (uniformly) recur- 
rent flows are Schwartzman uniquely ergodic (in both cases ip = ld). 

Proof. Fix a continuous map f : X ^T. Consider the function F : X x[0, +oo) T, {x, t) 
f{<i)t{x)) - f{x). We have F{x,Q) = 0, for every xeX. Call ^ : X x [0, -\-qo) M the (unique) 
continuous lift of F such that F{x, 0) = 0, for every x & X. The definition of the Schwartzman 
asymptotic cycle gives 



Jx 

for every probability measure invariant under (pt. We claim that we have 

Vt, t' > 0, Va; e X, F{x, t + t')= F{(j)t{x), t') + ^'(a;, t). 

In fact, if we fix t and we consider each side of the equality above as a (continuous) function of 
(x, t') with values in R, we see that the two sides are equal for t' = 0, and that they both lift 
the function 

(,x, t') ^ f{<i>t+Ax)) - fix) = f{ct>'Mt{x)) - fm^)) + fiM^)) - fix) 

with values in T. By induction, it follows easily that 

k-l 

VfcGN, i?(x,fc)=^F(0,(x),l). 

Therefore, if t > and [t] is its integer part, we also obtain 

[*]-i _ 

Fix,t) = Fi^^t]{x),t-[t]) + J2 n-^.W^l)- (*) 

It follows that 

yt>o,yxex, |^(x,t)| < ([t] + i)||^|x X [o,i]||oc. (**) 

By compactness \\F\X x [0, l]|loo is finite. If we integrate equality (*) with respect to a proba- 
bility measure fi on X invariant under the flow ^t, we obtain 



/ Fix,t)dijix) = / Fix,t-[t])di.iix) + [t] Fi 
Jx Jx Jx 



X, 1) dj^ix). 
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Therefore we have 

5(a.)([/])= lim / ^^df^ix). (***) 

Suppose now that we set ^x{s) = 4>s{x)] we have F{x,t) = V(/7x|[0, i]). Fix now some point 
xo G X, and consider ti — > +00 such that (f>ti ^ in the topology. Since F{xo,t)/t is 
bounded in absolute value by 2||f'|X x [0, l]||oo, for t > 1, extracting a subsequence if necessary, 
we can assume that F(xo, ti)/ti — > c G R. If x E X, we can find a continuous path 7 : [0, 1] ^ M 
with 7(0) — xq and 7(1) = x. The map T : [0, 1] x [0, t] — > T, (s, s') (j)s'{'^{s)) is continuous, 
therefore we can lift it to a continuous function with values in R, and this implies the equality 

v(r|[o,i] X {0}) + v(r|{i} x [o,i]) - v(r|[o,i] x {i}) - v(r|{o} x [o,i]) = o. 

This can be rewritten as 

V(/7x|[0,<]) - V(/7xol[0,t]) = V(/0a) - V(/7), 

which translates to 

F{x, t) - F{xo, t) = V(M7) - V(/7). 

Since (j)t^ — > (j) uniformly, by continuity of V, the left hand-side remains bounded as i = — > 
+00. It follows that {F{x,ti) — F{xo,ti))/ti 0. Hence for every x G X, we also have that 
F{x,ti)/ti tends to the same limit c as F{xo,ti)/ti. Since F{x,t)/t is uniformly bounded for 
^ > 1, by (**), by Lebesgue's dominated convergence we obtain from (* * *) that cS(/u)([/]) = c, 
where c is independent of the invariant measure /i. This is of course true for any / : X — > T. 
Therefore S{fi) does not depend on the invariant measure /i. □ 

An interesting property of Schwartzman uniquely ergodic flows (which also shows that they 
have some kind of rigidity) is the following proposition, that follows immediately from the 
definition of Schwartzman unique ergodicity and what we remarked above about the asymptotic 
cycles of fixed and periodic points (see also 31j). 

Proposition A. 8. Suppose that (pt is a Schwartzman uniquely ergodic flow on X . If there exists 
either a fixed point or a closed orbit homologous to zero, then all closed orbits are homologous 
to zero. In the remaining case, if Ci and C2 are closed orbits with periods ti and ti, then ^ 
and ^ are homologous. Since [Ci] and [C2] are in Hi(X;Z), it follows in this case that the 
ratio of the periods of any two closed orbits must be rational. Consequently, for any continuous 
family of periodic orbits of ipt, all orbits have the same period. 

Definition A. 9. [Schwartzman strict ergodicity] We say that a flow (pt is Schwartzman 
strictly ergodic if it is Schwartzman uniquely ergodic and it has an invariant measure ^ of full 
support {i.e., /i(J7) > for every non-empty open subset U of X). 

Linear flows on the torus T" are Schwartzman strictly ergodic (they preserve Lebesgue mea- 
sure). Of course, all strictly ergodic flows {i.e., flows having exactly one invariant probability 
measure, and the support of this measure is full) are also Schwartzman strictly ergodic. A 
minimal flow which is Schwartzman uniquely ergodic is in fact Schwartzman strictly ergodic 
(because all invariant measures have full support). Moreover, any flow topologically conjugate 
to a Schwartzman strictly ergodic flow is also Schwartzman strictly ergodic. 
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B Lagrangian graphs and KAM tori 



In this Appendix we recall some very well-known properties of Lagrangian graphs and KAM 
tori used in the previous sections. We provide the standard proofs for the convenience of the 
reader. First of all, let us observe that, as remarked in Section [21 the canonical symplectic 
structure is intrinsically defined, i.e., it does not depend on the choice of the local coordinates. 
In fact, it is easy to check that the Liouville form A can be equivalently defined as 

X{x,p) ^ {dwix,p)rp eT^,,p)T*M, 

where tt : T*A/ — > M is the canonical projection on M. Now, let us prove that smooth 
Lagrangian graphs correspond to closed 1-forms. 

Proposition B.l. Let A — {{x,ri{x)), x G Af} a smooth section ofT*M. A is Lagrangian if 
and only if i] is a closed 1-form. 

Proof. Let us consider: 

Sr,:M — > T*M 

X I — > {x,T]{x)). 

We want to prove first that s*A = rj, where A is the tautological form introduced above and 
s*A denotes its pull-back. Recalling that \{x,p) = {dTr{x,p))*p, we get: 

(s*A)(x) = {dsr,{x))*X{x,p) = {dsr,{x))* {dTr{x,p))*r]{x) = 

= d{7T O S,^{x,p))*T]{x) ^ tjix) , 

where in the last equality we used that tt o s,j is the identity map. Using this property, the 
claim follows immediately. In fact: 

A is Lagrangian ^jrj,^ = <;=J> s*uj ~ s*d\ = 

ds*X = dr] = ?/ is closed. 

□ 

Let us now consider a Hamiltonian H : T*M — > R. 

Proposition B.2. Let A be a Lagrangian submanifold. Then A is invariant if and only if 
H \ . = const. 

Proof, (i) The Hamiltonian vector field Xh is defined by uj(Xh, •) = dH. Since A is invariant, 
AT/fl^ is tangent to A. But A is Lagrangian, therefore = uj{Xh, V) ~ dH ■ V for any V G TA, 
and this implies that H is constant on A. {ii) Since H is constant on A, we have that, for every 
V G TA, = dH ■ V = uj{Xh, V). Since A is Lagrangian, Xh belongs to TA itself and therefore 
A is invariant. □ 

Remark B.3. As observed in the proof of Lemma l4Tl if A is an invariant Lagrangian graph, 
then the value of the constant is given by q;(ca), where a is the a-function associated to H and 
CA the cohomology class of A. 
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To conclude, let us show that in the case of KAM tori with rationally independent rotation 
vectors, the condition of being Lagrangian is automatically satisfied. Actually, the same result 
holds in a slightly more general setting, as was observed in tl8j[page 52, Proposition 3.2], from 
where we borrowed the proof. 

Proposition B.4. Given a Hamiltonian H , let T C T" x R" he an invariant graph over T" 
such that the Hamiltonian flow on T is conjugated to a flow Rt on T", which is transitive, 
i.e., with a dense orbit. Then T is Lagrangian. 

Proof. Let : T" ^ T be the conjugation: (p^^ o ^f. o cp — Rf, \/t E M.. Consider the inclusion 
ix of T into T" x M". We want to prove that = iq-^ = 0- Let us start by proving that the 
restriction of the syniplectic form i^cu is invariant under the Hamiltonian flow $f. In fact, 

{irto) = («r o $t)* w = ($t o ir)* uj ^ ir (^t ^) = iq-^ , 

where we used that T is invariant ($f o iq- — iq- o $4) and <i>f is a symplectomorphism for any 
t G M {i.e., = Lo). Consider now the 1-form on T" given by uoi — ip* (iq-i^j). Let us show 
that ui is invariant under Rt; in fact, 

= {RtT (p* ii*T^)) = o Rt)* i*^Lu ^ i^t o p=)* i*ruj = 

where we used that (p~^ o o = Rt. Since Rt is transitive, then uji invariant implies 
LUi constant: uji = "^i^j atj dxi A dxj. But ui is exact (since uj = —dX is exact), therefore 
LUi = (p* (i^Lu) = and (using that p is invertible) the result is proved. □ 

C Proof of Theorem D 

In this Appendix we shall give the proof of the second equivalence in (|9]) and this will conclude 
the proof of Theorem l3.91 as already discussed after its statement. We want to show that 

ji € ^{L) and supp ^ C A/'c supp fi Q Ac- (19) 

Let us first recall the definition of non-wandering point for a flow $t : X > X. 

Definition C.l. A point x E X is called non-wandering if for each neighborhood Li and each 
positive integer n, there exists t > n such that f*{U) ClU ^ 9. 

We will denote the set of non-wandering points for $t by Q{^t)- Note that, if /i is an 
invariant measure, then supp /i C r2($t). In fact, by the ergodic decomposition theorem, every 
point X G supp fi is in the support of an ergodic invariant measure fix: therefore, x is non- 
wandering, by the ergodicity of fii. Given this remark, is a simple consequence of the 
following Proposition. 

Proposition C.2. If M is a compact manifold and L a Tonelli Lagrangian on TAf , then 
n (^flMc) C Ac for each c £ ll\M;R). 
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Remarks. 

1) Proposition [C]2] also shows that the Aubry set is non-empty. In fact, any continuous flow on 
a compact space possesses non-wandering points. 

2) As remarked above, every point in the support of an invariant measure ^ is non-wandering. 
Therefore, if x £ supp /i C A/'c, then x E CI ^<I>f [A/'c^ and, by the above proposition, x G Ac- 
This proves p9)) . 

Before proving the above statement, we need some preliminary results. Let u : M — > R be 
an ry-critical subsolution, with [77] = c (see Definition 13. lip , and 7 : [a,b] — > M a curve. It is 
easy to check (see for instance [H]), that for all a < t < t' < b: 

u{j{t')) - u{j{t)) < L{j{s)n{s))ds + a{c){t' -t), (20) 

see also and (ITS]) . We will say that 7 : [a, b] — > M is {u, L, a{c))- calibrated on [a, b] if for 
all a < t < t' < b the above inequality is an equality: 

uijit')) - u{^{t)) = ^ L(7(s), 7(s)) ds -t- a{c){t' - t) . 

In [12j many properties of such curves have been studied. In particular, they provide a useful 
characterization of the Aubry and Mane sets in terms of critical subsolutions. Let us denote 
by Ic{u) the set of points {x,v) £ TAf such that the curve ^{t) = 7r$f (a;,w) is (u,L,Q!(c))- 
calibrated on M. In [T^] it is proven that: 

X = n ic{u) and A^c = U ic{u). (21) 

Proof. [Proposition IC.2| Without any loss of generality we can assume that c = and 
a(0) — 0. Let {x,v) G O [A/o^. By the definition of non-wandering point, there exist a 

sequence {xk,Vk) G A/q and tk +00, such that {xk,Vk) {x,v) and ^^^{xk,Vk) {x,v) as 
k — > +00. From (|2ip . for each {xk, Vk) there exists a critical subsolution Uk, such that the curve 
Ikit) = 7r$^(a;fc,Wfc) is (wfc, L, 0)-calibrated. Moreover, up to extracting a subsequence, we can 
assume that, on any compact interval, 7^ converge in the C^-topology to 7(t) ~ *&f (a;, v). 

Pick now any critical subsolution u. If we show that 7 is (u, i, 0)-calibrated, using (j2ip we 
can conclude that {x,v) G Ao- First of all, observe that, by the continuity of u, 

u{jkitk)) - u{xk) . 
Using that ?7-critical subsolutions are equi-Lipschitz [12] . we can also conclude that 

Uk{lk{tk)) - Uk{xk) 

and, therefore, 

/ L{^k{s),ik{s))ds = Uk{"lk{tk)) - Uk{xk) ^ . (22) 
Jo 
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Let < a < 6 and choose tk > b. Observe now that 

uhk{b)) - w(7fc(a)) = u{lk{tk)) - u(xk) ~ [M(7fe(^fc)) - "(7fc(^))] " [uilkia)) - u(xk)] > 

> u{jk{tk)) - u{xk) - L(7fc(s),7fe(s)) rfs - / L(7fe(s),7fe(s))ds = 

Jb Jo 
pb ptk 

= u{jk{tk)) - u{xk) + L{jk{s),jk{s))ds ~ L{-fk{s),'jk{s))ds; 







taking the hmit as fc ^ oo on both sides, one can conclude: 

u{j{b)) ~ u{j{aj) > [ L{j{s),j{s))ds 



and therefore, from (PO)) . it foUows the equahty. This shows that 7 is (it, L, 0)-cahbrated on 
[0,00). To show that it is indeed cahbrated on all R, one can make a symmetric argument, 
letting (uk, Wk) — {xk, Vk) play the role of {xk, Vk) in the previous argument. In fact, one has 
{yk,Wk) {x,v) and ^'^f.^{yk,'Wk) {x,v) as fc — > +00 and the very same argument works. 

□ 
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